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Abstract. We prove that a C^— generic volume preserving difFeomorphism 
has a symboUc extension if and only if this diffeomorphism is partial hyper- 
bolic. This result is obtained by means of good dichotomies. In particular, 
we prove Bonatti's conjecture in the volume preserving scenario. More pre- 
cisely, in the complement of Anosov diffeomorphisms we have densely robust 
heterodimensional cycles. 

1. Introduction and Statement of the Results 

A system {X, /) has a symbolic extension, if there exist a subshift (Y, cr), which is 
a closed, shift invariant subset of a fuh shift over a finite alphabet, and a surjective 
continuous map n : Y ^ M such that t: oa — f on. In this case, {Y, a) is called an 
extension of (A, /) and (A, /) a factor of (Y, a). 

One way to measure the complexity of a system (A, /) could be by means of 
the topological entropy. Hence, if a system has a symbolic extension its complexity 
is bounded above by the complexity of a subshift. However, this system may 
contain additional information. The symbolic extension entropy of the system is the 
infimum of the topological entropy of all symbolic extensions of the system. And 
note that the topological entropy of a system is less than or equal to the symbolic 
extension entropy. The difference between these functions is called residual entropy 
and represents how entropy is hidden at finer and finer scales. 

A symbolic extension of (A, /) is a principal extension if the map tt is such that 
hi,{cr) = /i7r,!y(/) for every cr— invariant measure v G A4{a\Y), where h^{a) is the 
metric entropy of a with respect to v. Note, the residual entropy is zero if the 
system has a principal extension. 

Let M be a Riemannian, connected and compact manifold. A diffeomorphism 
/ : A/ — > M is asymptotically h~ expansive if 

lim sup h{f\Boo{x,e)) = 0, 

where Boo{x,e) — {y & M\ d{f^{x),f^{y)) < e for every j G N}, and h{.) denotes 
the topological entropy. If there exists Eq such that sup^g^/ h{f\Boo{x,e)) = for 
every < e < £oj then / is called h— expansive. 

Boyle, D. Fiebig, U. Fiebig [9] using entropy structure showed that asymptot- 
ically /i— expansive diffeomorphisms have principal extension. Hence, if a diffeo- 
morphism has no symbolic extension, it should have entropy hidden no matter how 
thin is the scale. In other words, should there exist invariant subsets contained in 
balls with diameters arbitrary small having positive topological entropy. In some 
sense, this is in much the same way as the phenomena of coexistence of infinitely 
many horseshoes. 
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By a result of Buzzi [12j, every smooth diffeomorphism over a compact manifold 
is asymptotically /i— expansive, then it has a principal extension. A conjecture of 
Downarowicz and Newhouse in [20J asserts that every C""-diffeomorphism (r > 2) 
has a symbolic extension. This conjecture was solved for surface diffeomorphisms by 
Burguet [10]. Also, we would like to remark that recently Burguet and Fisher 
extended this result to higher dimensions proving that every partially hyperbolic 
diffeomorphisms with a 2-dimensional center bundle has a symbolic extension. 

Hence, it seems natural to try to relate the existence of symbolic extensions to 
the differential structure of a diffeomorphism. For instance, using shadowing we 
can easily find a symbolic extension for Anosov diffeomorphisms. Diaz, Fisher, 
Pacifico and Vieitez [19] showed that every partial hyperbolic diffeomorphism 
is /i— expansive if we define partial hyperbolic diffeomorphisms as in [17]. Hence 
it has a principal extension. See also [18j . A diffeomorphism / exhibits a ho- 
moclinic tangency if there exists a hyperbolic periodic point p of / having a non 
transversal homoclinic point. Thus, Liao, Viana and Yang proved that if a diffeo- 
morphism is not approximated by one exhibiting homoclinic tangency, then it is 
also /i— expansive. 

On the other hand, we can consider a problem about the existence of diffeomor- 
phisms that has no symbolic extensions. We can note that such diffeomorphisms 
have a rich dynamics, since they are not asymptotically ft,— expansive. Moreover, 
if the conjecture of Downarowicz and Newhouse is right such diffeomorphisms can 
not be C^. 

In the symplectic scenario the author with Tahzibi [l^ extended a result of 
Downarowicz and Newhouse [20J, proving that C^— generically either a symplectic 
diffeomorphism is Anosov or has no symbolic extensions. That is, in the symplectic 
setting we have a large set of diffeomorphisms having no symbolic extensions. 

The aim of this paper is to obtain similar results in the conservative case. 

We denote by Diff^(M) the set of volume preserving diffeomorphisms over 
M. Here, as in |17| . a /—invariant subset A is partial hyperbolic if there exists a 
continuous ^/-invariant splitting TaM = E" ® E^® . . .® E^® E"^ , such that each 
center bundle is one-dimensional, and there exist constants mGN, 0<A<1 
such that for every x € M: 

— \\Df"\v)\\ < 1/2 for each unitary v £ E^{one says E'^ is (uniformly) contracted.), 

— ||£'/^™(i>)|| < 1/2 for each unitary v G E"{one says E^ is (uniformly) expanded.), 
-||£)/™(u)|| < l/2||L)/™(w)||, for each a; g A, each z = 0, . . . ,fc and each unitary 

vectors u e E"" ® . . . i® E^,v e Ef^-^ ©...©£;" in T^M. 

If all center bundles are trivial, then A is called a hyperbolic set. We say that 
a volume preserving diffeomorphism / : M — > M is partial hyperbolic if M is a 
partial hyperbolic set. If M is a hyperbolic set then we say that / is an Anosov 
diffeomorphism. 

The main result of this paper is the following: 

Theorem A. There is a residual subset TZ C Diff^„(Af) (dim M > 3) such that if 
f €z TZ is a non partial hyperbolic diffeomorphism then f has no symbolic extension. 

Remark 1.1. In dimension two, the previous theorem follows from Downarowicz 
and Newhouse's result ^IU\ . 
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Now, Theorem lAl and the result of Diaz, Fisher, Pacifico and Vieitez [19] provide 
a generic intrinsic characterization of the existence of symbohc extensions in the 
volume preserving scenario. 

Theorem B. There exists a residual subset TZ C DifF^(M) (dimM > 3j such 
that a diffeomorphism f G TZ has a symbolic extension if and only if it is partial 
hyperbolic. In particular, if f Cz TZ has a symbolic extension then it has a principal 
extension. 

A directly consequence of this result is the following. 

Corollary C. If a generic volume preserving diffemorphism f is conjugated to 
a C°° diffeomorphism, then f is partial hyperbolic. 

In the articles [2D] and [T3] the main tool to obtain their results is the existence of 
an "abundance" of diffeomorphisms exhibiting homoclinic tangency in the comple- 
ment of Anosov diffeomorphisms, since they are in the symplectic scenario. Hence, 
it is somewhat folklore the relation between robustness of homoclinic tangency and 
non existence of symbolic extensions. 

A diffeomorphism / G Diff^(M) ( resp. Diff^(M)) exhibits a robust homo- 
clinic tangency if there exist a hyperbolic basic set A of / and a small neighborhood 
U C Diff^(M) ( resp. Diff^(M)) of / such that W(A(g)) has a non transversal 
intersection with W'^{K{g)) for every g G U. Where A(g) is the continuation of A 
for g. 

Proposition D. If f e Diff^(M) ( resp. Diff^j(Af)) exhibits a robust homo- 
clinic tangency, then there exists a residual subset TZ in some neighborhood of f in 
Difr^(M) ( resp. Diff^(M)), such that every g € TZ has no symbolic extensions. 

As a consequence of this result we will obtain Theorem For that, we should 
investigate the relation between robutness of homoclinic tangency and partial hy- 
perbolicity. More general, we should investigate the existence of good dichotomies. 

Recently, Crovisier, Sambarino and Yang |17j proved that diffeomorphisms in 
Diff (M) far from diffeomorphisms exhibiting homoclinic tangency, are approxi- 
mated by partial hyperbolic diffeomorphisms. There they affirm that this result is 
also true in the conservative setting. Just for sake of completeness we will state 
it here and a sketch of the proof will appear inside the proof of Lemma 13. 5[ see 
Remark 13.61 

Proposition 1.2. Any diffeomorphism / can be approximated in DiffJ„(M) by 
diffeomorphisms which exhibit a homoclinic tangency or by partially hyperbolic 
diffeomorphisms . 

We define the index of a hyperbolic periodic point p as the dimension of its stable 
manifold and we denote it by indp. A diffeomorphism / exhibits a heterodimen- 
sional cycle if there exist hyperbolic periodic points p and q with different indices 
such that W^{p) n W^{q) and W^{p) fl W^{q) are non empty intersections. 

One open problem about dichotomies is Palis's conjecture, which says that 
densely in Diff'^(M) (r > 1) either a diffeomorphism is hyperbolic, or exhibits a 
homoclinic tangency, or exhibits a heterodimensional cycle. Palis's conjecture was 
proved for surface diffeomorphisms by Pujals and Sambarino |32| . and recently 
Crovisier and Pujals proved a remarkable result in this direction, by means of es- 
sential hyperbolicity, for this result see [TB]. For symplectic and volume preserving 



4 



THIAGO CATALAN 



diffeomorphisms, there are also complete proofs for Palis's conjecture, see [29], [2] 
and |15) . We would like to remark that in the volume preserving case what was 
proved, in fact, is that in the lack of hyperbolicity there are densely diffeomorphisms 
exhibiting heterodimensional cycles. Hence, our next theorem is a generalization of 
this result. 

A diffeomorphism / G Diff^(A/) (resp. Diff;'„(M)) exhibits a robust heterodi- 
mensional cycle if there exist a hyperbolic basic set A and a hyperbolic periodic 
point p of /, with indA ^ indp, such that A{g) and p{g) exhibits a heterodimen- 
sional cycle, i.e., VF*(A(5)) n and W^{A{g)) n W''{p{g)) are non empty 
intersections, for every diffeomorphism in a neighborhood of / in Diff^(Af) (resp. 

Difr^(M)). 

Theorem E. There is an open and dense subset A C Diff,^j(M) (dimM > i), 
such that if f A is a non Anosov diffeomorphism, then f exhibits a robust 
heterodimensional cycle. 

It is worth to pointing out that the previous theorem is in fact Bonatti's conjec- 
ture restrict to the volume preserving scenario. See 0- 

In order to prove Theorem W\ we use the so known blenders. Bonatti and Diaz 
in [7] developed a way to obtain diffeomorphisms exhibiting robust homoclinic tan- 
gencies from blenders. In this paper, we develop their technics in the conservative 
case to prove the following result: 

Theorem F. There is an open and dense subset D C Diff^(M) (dimM > 3j such 
that if f €z T> is a non partial hyperbolic diffeomorphism then f exhibits a robust 
homoclinic tangency. 

Note, Theorem \K\ is a directly consequence of the previous theorem and Propo- 
sition |D] 

This paper is organized as follows: in the second section we recall some useful 
perturbation results, and we show how to build a special kind of blender in the 
volume preserving setting. This special kind of blender is a blender horseshoe 
introduced in [7]. In this section we will prove Theorem lEl too. In Section 3, we 
prove Theorem iFl and finally, in Section 4, we prove Proposition ID] and Theorem 

m 

2. A BLENDER HORSESHOE AND SOME PERTURBATION RESULTS 

Let / be a diffeomorphism on M. A hyperbolic transitive set P of / with 
dim Vl^"(P, /) = fc > 2 is a cu-blender ii there exist a C^-neighborhood U of f and a 
C^— open set V of embeddings of (/c — 1)— dimensional disks D into M such that, for 
every diffeomorphism g G U, every disk D Q V intersects the local stable manifold 
Wfgi,{r{g)), where T{g) is the continuation of the hyperbolic set F for g. D is called 
the superposition region of the blender. Similarly, we can define a cs-blender with 
stable manifold replaced by unstable manifold. The above definition was given in 
[7]. We would like to remark, that for a cm— blender, these (fc — 1)— dimensional 
disks are usually uu— disks. See Remark 12.121 We refer the reader to [6] and for 
more details about the geometry structure of this amazing set. 

The main result of this section is the following. 

Proposition 2.1. If / e Diff^(M) has two hyperbolic periodic points pi and 
P2 of different indices, say i and i + j, respectively, then for any neighborhood 
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U C Diff;'„(A/) of / and any i<k<i+j — 1 there exists a diffeomorphism g & U 
having a cit— blender horseshoe F with index k. 

Remark 2.2. A cu-blender horseshoe is a special kind of a cu— blender set, which 
will be defined in the proof of Proposition 12.11 

Remark 2.3. A similar result still holds for cs-blendcrs. More precisely, if / is under 
the same hypotheses of Proposition l2.H then in any neighborhood of / there exists a 
diffeomorphism g having a cs— blender horseshoe of index k, for any i+1 < k < i+j. 

We also remark that F. Hertz, M. Hertz, Tahzibi and Ures have already showed in 
P3j the existence of blenders in the conservative scenario, after some perturbation, if 
the initial diffeomorphism is under the same hypotheses of Propostion l2.1l However, 
we observe that here we are interested in a special kind of blenders. Moreover, we 
emphasize that our methods to prove Proposition 12. II is different from their. 

We will recall now some useful perturbation results. 

The first one is a Pasting lemma of Arbieto and Matheus [3]. 

Theorem 2.4 (Pasting lemma). If f is a volume preserving diffeomorphism 
over M , and x G M , then for every e > there exists a volume preserving 
diffeomorphism g e ~ close to f such that for a small neighborhood U D V of x, 
glV = f and g\V — Df{x) (in local coordinates). 

Remark 2.5. If / is then g could be taken C°°, too. 

A directly consequence of pasting lemma is a conservative version of Franks 
lemma, see p5]. 

Lemma 2.6 (Franks lemma). Let f G Diff^j(Af) and U be a C'^ neighborhood of 
f in Diff^(M). Then, there exists a smaller neighborhood Uq d U of f and S > 
such that if g ^ Ua{f), S = {xi, . . . ,Xm} G M be any finite peace of orbit and 
{Li : Tx-M Tx-^j^M}"^^ conservative linear maps satisfying \\Li — Dg{xi)\\ < 5 
for every i = 1, . . .to, then for any small fixed neighborhood V of S there exist 
h G l^if) in the same class of differentiability of g, such that h = g in , moreover 
h{xi) = g{xi) and Dh{xi) — Li. 

The next result is a connecting lemma of Hayashi ^22j. A conservative version 
was proved by Wen and Xia [37]. 

Theorem 2.7 (C^-connecting lemma). Let f G Diff^j(M) and pi, p2 hyperbolic 
periodic points of f , such that there exist sequences yn G M and positive integers 
kn such that: 

• Vri^y e Wl^^ipiJ)), y ^ pi; and 

. f''-{yn)^xeWil,(p2,f)),x^p2. 
Then, there exists a volume preserving diffeomorphism g close to f such 
that W'^{pi,g) and Vl^^(p2j<?) have a non empty intersection close to y. 

The following technical result will be needed in the proof of Proposition 12.11 

Lemma 2.8. If f (z Diff^(M) has two hyperbolic periodic points pi and p2 of 
different indices, say i and i + j, respectively, then for any neighborhood U C 
Diff;'^(M) off,i<k<i + j — 1 and e > there exists a diffeomorphism g (z U 
with a hyperbolic periodic point p, such that p has index k, Dg'^^^'^^ has only real 
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eigenvalues with multiplicity one, say Ai < . . . < Xd, and moreover \Xk+i — 1| < e. 
Where T{p,g) denotes the period of p for g. 

This lemma follows by the same method as in Proposition 3.2 in [2]. However, 
provided this method will be useful later we will give a sketch of the proof. 

Before we prove the above lemma, let us recall some definitions. 

Recall, two hyperbolic periodic points p and q, having the same index are ho- 
moclinically related if there exist a transversal intersection between /) and 

/), and iy"(p, /) and Wiq, J). We denote by H{p, f) the closure of the hy- 
perbolic periodic points homoclinically related to p, which is called the homoclinic 
class of p. Similarly, we can define when hyperbolic periodic points and hyperbolic 
sets are homoclinically related. 

A continuous 13/— invariant splitting Tj^M = i?i © . . . © E'fe for a /—invariant 
subset A is dominated if the third condition in the partial hyperbolic definition is 
satisfied. 

For abbreviation, sometimes we use expressions like "after a perturbation", or 
"there exists a diffeomorphism C^— close", which means that these perturbations 
could be done so small as we want. 

Proof of Lemma \2.8l 

By a result of Xia [35] , a generic volume preserving diffeomorphism has all ho- 
moclinic classes non trivial. Thus, after a perturbation, we can assume H{pi,f) 
and H{p2, /) are non trivial. Now, by results of Bonatti, Diaz and Pujals [3, and 
Franks lemma we can perturb / to /i in order to obtain pi and p2 hyperbolic 
periodic points homoclinically related to pi(/i) and P2(/i), respectively, such that 
Dfl^^^'^^\pi) and Dfl^^^''^^\p2) have only real eigenvalues with multiplicity one. 

To simplify the notation we replace pi and p2 by pi and p2 , respectively. And 
moreover, we will continue to write pi and p2 for their continuations. 

In the sequence we perturb /i in order to find a diffeomorphism exhibiting a 
heterodimensional cycle between pi and p2- For that, we use a result of Bonatti 
and Crovisier [5]: 

Proposition 2.9 (Bonatti and Crovisier). There exists a residual subset TZ of 
Diff^(M) such that ii g & TZ then there exists a hyperbolic periodic point p of g 
such that M = H(p,g). In particular, g is transitive. 

After a perturbation, we can assume /i G TZ, i.e, /i is transitive. Then, using 
connecting lemma we can perturb /i to /2 such that there is a non transversal 
intersection between VF"(pi,/2) and VF*(p2,/2). Since this intersection is robust, 
we can repeat the above process and perturb /2 to such that W'^{pi, f^) and 
W^{p2, fs) have also a non empty intersection, which implies that exhibits a 
heterodimensional cycle between pi and p2. Moreover, /s can be taken such that 
Df^^^^''^^\pi) and Df^'^^^'^^\p2) have only real eigenvalues with multiplicity one. 

Let X e W'ipufs) n V7"(p2,/3) and y G W^ipi,!^) n W'{p2,fz) be two het- 
eroclinic points of the cycle. Recall indpi = i and indp2 = i + j- Without loss 
of generality we can assume y is a transversal heteroclinic point, and x is a quasi- 
transversal heteroclinic point, i.e., TxW'^{pi, f^) n Ta;VF"(p2, /s) = {0}. By the 
regularization result of Avila [4] (which says we can suppose /a be C°°) and pasting 
lemma, we can linearize the diffeomorphism in a small neighborhood C/p^ and C/pj 
of pi and p2, respectively. More precisely, we can assume /a is equal to Df^{pi) 
and Df3{p2) (in local coordinates) in the neighborhoods Up^ and Up^, respectively. 
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For simplicity of notation, in the reminder of this proof we assume that pi and 
P2 are fixed points, and we will look at Up-^^ and Up^ in local coordinates. Since 
Dfz{px) and .0/3(^2) have only real eigenvalues with multiplicity one, we can find 
a decomposition of M'' by eigenspaces of -D/3(pi) (resp. Dfz{p2)), which we denote 
by Ei^p^ © ... © Ed^p^ (resp. Ep^® Ed^p^). We set Afe (resp. au), k=l,...,d, 
the eigenvalue of Df3{pi)\Ek^p^ (resp. Df3{p2)\Ek,p2)- We can also suppose the 
eigenvalues are in an increase order. 

In order to be more precise, we will make the following assumptions, we consider 
Ei,pi (.) the extension of the direction Ei^p^ in the neighborhood Up^, the same for 
Ei.p-ii-)- We remark these decompositions are all dominated splittings, indeed. 

indpi = i, it follows that the stable and unstable directions of pi are Ep_^ = 
Ei^p^Pi) © ... © £^j,pi(pi) and E^^ Ei+i^p^{pi) © ... © Ed,p,{pi), respectively. 
Similarly, the stable and unstable directions of p2 are E^^ — -E'i.p2(p2) © ... ffi 
Ei+j^P2{p2) and E^^ = E^+j+i^p^ © ... © Ed.p^, respectively, since indp2 ^ i+ j. 
Moreover, by the choice of /g, Wi^Xvu h) = n Up,, Wl^^^ipu fs) = E;^ n Up,, 

w^focfe, /a) = e;^ n Up, and ^-,"00^2, /a) = e;^ n Up,. 

Claim: There is a diffeomorphism C^ — close to fs such that the fs-invariant 
subset A = 0{x)U0{y)U{pi,p2} still is f 4^— invariant and moreover has a dominated 
splitting by one dimensional sub-bundles. 

We define E{y) := Tj,(T4^"(pi, /a) n W''(p2, .fa))- Since y belongs to unsta- 
ble manifold of pi, and /a|C^pi = Dfs{j)\), if n is large enough, it follows that 
Df-'^{y){E{y)) is in Ei+i^p,{f-'^iy))® . . .® Ed,p,{f3'^{y)). Moreover, by transver- 
sality we can assume that Df^''{y){E{y))nE,+j+i,p, (/3""(j/))©. . .®Ed,p,{f3''{y)) = 
{0}. Provided we have a dominated splitting in Up,, Dfj^"{y){E{y)) converges to 
Ei+i^p, (pi) © . . .(BEi+j^p, (pi) when n ^ 00. Then, choosing n large enough and us- 
ing Franks lemma, after a perturbation we can assume /g such that Df^'^{y){E{y)) = 
(/a "(2/)) © • • • © Ei+j^p, (/g "(y)). Note, the perturbation necessary here is 
local, and moreover keeps unchanged the orbit of y. 

Wo now apply this argument again, considering the future orbit of y, to obtain 
a perturbation of fs such that we have also Df^{y){E{y)) = iSi+i,p2 ifsiv)) © • • • ® 
Ei+j,p2{fs{y))- This perturbation of /s which we continue denoting by the same 
letter has a D/3-invariant subbundle on 0{y) U {p, q} which we will denote by E, 
for convenience. 

The A-lemma says that DfJ;'{f^''{y)){E,+,+i,p, {fr\v)) © • • • © Ed^pAfs'^iy)) 
converges to E'j+j+i^pj (^2) © ... © £^^,^2(^2) if m — >■ 00. Then by the same ar- 
gument again we can perturb fs such that Df^{f^"{y)){Ei+j+i p,{f.^''\y)) © 
...®Ed,p,{fs''{y)) = i?,+,+i,p,(/3'"-"(y)) ©...©ii;rf,p,(/3"'-"(y)), and the sub- 
bundle E is still invariant. Replacing m and n by large positive integers if 
necessary, and applying once more the argument, fs could be assumed such that 

Dfs-'^{.fr'\y))iEi,pMr'\y)) © ... © £;.,p.(.fr^"(?y)) = i?i,p,(/-"(y)) © • . • © 

Ei,p,{f-^iy)). 

Therefore, fs is such that there exists a /a— invariant splitting over 0{y) U 

{Pl,P2}- 

Moreover, if we repeat this process finitely many times inside each invariant 
sub-bundle, fs could be assumed such that 

Dfl^{f^^{y){Ek,p, (/3-"(y))) = Ek,p2 if^iy)), fc = 0, . . . , d; for n large enough. 
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Finally, applying the above arguments, with y replaced by x, fs can also be 
chosen such that 

^/|"(/3""(2:))(i^/c.p. (/3""(x)) - E,^p, ifl^x)), fc = 0, . . . , d; for n large enough, 

which finishes the proof of the claim, since this D/— invariant splitting is natural 
dominated. 

We fix now an arbitrary i < k < i + j — and we consider the diffeomorphism 
given by the previous Claim. Using the heteroclinic points x and y, we can perform 
a perturbation of to obtain a periodic orbit in a small neighborhood of A. with 
arbitrary large period. In fact, this could be done such that this periodic orbit has as 
many points as we want in the neighborhoods Up-^ and Up^ , being fixed the number 
of points outside these neighborhoods. Hence, by continuity of the dominated 
splitting over A, and since ||Z?/4|i?fc+i(pi)|| > 1 and \\D f4\Ek+i{p2)\\ < 1, it follows 
there exists a diffeomorphism /s C^— close to having a hyperbolic periodic point 
p in a neighborhood of A(/5) with index k and such that Dfl'^^'^'''\p) has only 
real eigenvalues with multiplicity one. Moreover, this could be done such that 
\\D fl'^^'^'"'\Ek+i(p)\\ is so close to one as we want. For details we refer the reader 
to [2]. 

□ 

Proof Proposition \2.1\ : 

We fix an arbitrary i<fc<i+j — 1. By Lemma 12.81 after a perturbation, we 
can assume there exists a hyperbolic periodic point p of f such that p has index fc, 
Df'^^P'f\p) has only real eigenvalues with multiplicity one, say Ai < . . . < A^, and 
moreover A^+i is so close to one as we want. 

If is the corresponding eigenspace to At, then we have on p a natural par- 
tially hyperbolic splitting TpM = E" ® ® where E' = Ui<t<kEx^ is the 
stable direction of dimension k, and the unstable direction is divided in two sub- 
spaces, = -E^Afc+i (the center unstable direction), and i?"" ~ \Jtyk+iE\^ the 
strong unstable direction. By Hirsch, Pugh and Shub [24J, the strong directions 
are integrable, which means here the existence of /), the strong unstable 

manifold of p, which varies continuously with respect to the diffeomorphism. 

As in the proof of Lema 12. 8[ we can perturb / to a C°° diffeomorphism /i to 
obtain a intersection between the stable and strong unstable manifolds of 
W%pifi),fi) n W^™(p(/i), /i) ^ 0, and moreover such that fl^P^^f^'^^f^^ = 
(in local coordinates) in a neighborhood U of p(/i). 

By abuse of notation, wewritejustpinsteadofp(/i). Also, since \\D f'^^'P'^\p)\E'^'^\\ 
is so close to one as we want, after another perturbation, we can suppose |Ac| — 
\\Dfl'^^'f'\p)\E^^\\ = l. 

From now on, we look at U in local coordinates. Then, in U the local stable 
and strong unstable manifolds of p coincide with their directions, i.e., VF;'^^(p, /i) = 
E^{p, fi)nU and WiTAp, fi) = E^^{p, f,)nU. 

Let X G W{p, /i) n W""(p, /i) be a strong homoclinic point of p, which we can 
also assume be a quasi-transversal strong homoclinic point, i.e., dim{TxW^{p, fi) -f 
TxW^'^{p, fi)) = d—1 since dimE'^'^[p) = 1. Hence, there exist positive integers 
n and m such that fi{x) = (a;g,0, 0), /f'"(x) — (0,0, Xq) G U. Here, we are 
considering the natural extension to U of the partial hyperbolic splitting TpM — 
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E'^ (B E'^'^ (B E^" . Also, without loss of generality we can suppose this decomposition 
orthogonal. 

By the same method as in the Claim in the proof of Lemma 12.81 we can find a 
diffeomorphism /2 C^— close to /i, such that shrinking U if necessary /2 satisfies 
the following conditions: 

1- /J*^'-^'^ = Dfl^^'^^\p) = Dfl^^'^'\p) in U, keeping invariant the directions 
E^ n f/, j = s, cu, uu] 

2- X is still a strong homoclinic point of p, and moreover 

Dfru2"'{mE\f2'^{x))) = E={r{x)), j = s, cu, uu. 

f2 is obtained through several finitely many perturbations of /i using Franks 
lemma, /2 is in the same class of differentiability of /i, which implies /2 is C°°. 
Hence, we can use pasting lemma in order to linearize /2 in a segment of the orbit of 
X. More precisely, we can choose neighborhoods [/,„, C/„ C ?7 of f^"^{x) and f^{x), 
respectively, and perturb /a to /a such that fS^'^iE^iy) n [/„) = E3{f™\y)) n C/„, 
for every y G [/„ and j = s, cu, uu. Using the fact that f^^P'^^^^ is linear in U and 
Ac = 1, replacing m and n with larger ones, and after once more perturbation, we 
can suppose /a satisfying 

3- Z™" : Um Un is an affine map. More precisely, 

= (xg+A,(x^),Aca;^A„(x"-x^)), 

where As is a linear contraction, An a linear expansion and 1 < Ac < 1 + e, 
for some small £ > 0. 

4- E" © E"'" is invariant for both maps /g''*^'-^' V and /;f"|f/m. 

Hence, ii D C {E'' © n C/ is a small enough rectangle containing p and 
f^{x) in its interior, then /3^^^''''^-'~'''""(D)nD has two non empty disjoint connected 
components for some / large enough. One of them containing p and another one 
fsix), which we denote by A and B, respectively. 

For simplicity of notation, we set F = f^^(P'f^'^+"''^\D, A = F~^{A) and B = 
F~^{B). Note, F is a linear map on AUB, and the stable and strong unstable direc- 
tions are F— invariant. Moreover, taking I larger if necessary F\E'' and F~^|iJ"" 
are contractions, for every point in A U B and AD B, respectively. Hence, the 
maximal invariant set in D for F, 

is a hyperbolic set conjugated to the full shift of two symbols. We denote by q £ B 
the other fixed point of F. Note, E^ © F"" is the hyperbolic splitting over E. 

Fixing any arbitrary small ^ > 0, we set i? = _Dx[— (5, (5] C U , and replace A and B 
by Ax [-(5, 5] and Bx [-5, 5], respectively. Taking 5 smaller, F := /3^^^'^"^+'""|AUB 
is then well defined. Moreover, taking the center coordinate as the last one, we have 

F(x^a;",x") = x"), Acx"). 

Since Ac > 1, it follows that Aq = S x is the maximal F— invariant set in R. Also, 
provided F", F^" and F"" are F-invariant, we have a natural partial hyperbolic 
splitting on Aq. In particular, Aq is a hyperbolic set with index k since HFjF'^"!! > 1. 

After a coordinate change, we can suppose R = [—1,1]^ x [—1,1] x [—1,1]" in 
local coordinates, and p = (0, 0, 0) in this chart. 
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For every t > small enough, using pasting lemma we can find a perturbation 
ht of the identity map such that /it(x*,x'^,x") = (x^jX"^ — t,x") for every point in 
Un and ht = Id outside a small neighborhood of C/„. We define ft = ht o f^, which 
is C^— close to /s. 

Shrinking Un if necessary, the above perturbation ft in terms of Ft is the following 

1- Ft^F, ifxeA 

2- Ft = F + {0,-t,0), ifxGB. 

Provided t is small, the maximal i^^— invariant set in R is the continuation of 
the hyperbolic set Aq of F, hence At is also hyperbolic. Moreover, note © E"^ ® 
is still the hyperbolic splitting on At, and p is still a hyperbolic fixed point of 
Ft- We denote by qt the continuation of the hyperbolic fixed point q of F. 

This set At is defined as a cu— blender horseshoe. 

In the sequence, we will describe some properties of At which characterize, in 
fact, a cu-blender horseshoe. 

For a e (0, 1) we denote by and C^" the following cone-fields in R: 

C^(a;) = {v = (i;^?;^?;") e e-B™ ©£;'"' =r^M; Ht^'^ + t^^'H < a||i'1|} 
Cn^) = {v = G ©-E;™©£"" =F,M; li?/ +v'=\\ < aWv^}. 

We say that a disk A of dimension s contained in i? is a s—disk if 

• it is tangent to C^, i.e., T^A C C^{x) for all x G A, and 

• its boundary dA is contained in {-1, 1}* x [-1, 1] x [-1, 1]". 

On the other hand, a disk T of dimension u is a uu-disk if 

• it is tangent to C^", i.e., T^T C C^"(x) for all x G T, and 

• its boundary dT is contained in [—1, 1] x [—1, 1] x { — 1, 1}" 

Remark 2.10. As expected, Wf^^{p,Ft) = [-1,1]" x {0} x {0} and Wf^^{qt,Ft) = 
[-1, 1]" X {t/XciXc - 1)} X {x^iq)} are natural s-disks, while VK;""(p,Ft) = {0} x 
{0} X [-1,1]'' and W;«^(«(,Ft) = {xg(«()} x {t/Xc{Xc - 1)} x [-1,1] are natural 
uu— disks. 

Note, there are two different homotopy classes of mm— disks disjoint from W {p, Ft). 
We say that an uu— disk is at the right of p if it belongs to the same homotopy 
class of W""(gt, Ft), and at the left otherwise. Similarly, we say that a wu— disk is 
at the left of qt if it belongs to the same homotopy class of Ft), and at the 

right otherwise. 

By this convention, if V is an itu— disk, then one of the following is true: 

- 2? is at the left of p; 

- VnW'{p,Ft)y^<i; 

- 2? is at the right of qt; 

- VnW'{qt,Ft)^9; 

- "D is at the right of p and at the left of qt. In this case we say that the 
MW— disk is in between of p and qt. 

We fix now a very small a e (0, 1) in the definition of the uu-disks, such that 
a uu-disk V is C^-close to i^"". If we define Fa{V) = Ft{A n V) and Fm{V) = 
Ft{M n V), then the following is true: 

1- If V is at the right of p (resp. qt) then Fa{T>) (resp. Fb{T>)) also is. 

2- If X» is at the left of p (resp. qt) then Fa (2?) (resp. Fb{V)) also is. 

3- If V is at the left of p then Fb(X>) also is. 
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4- If V is at the right of qt then Fi^{T>) also is. 

5- If T) is ill between of p and qt, then either Fa{T>) or Fm{T>) is in between of 
p and qt. 

Remark 2.11. The above properties are robust. More precisely, if g is a diffeomor- 
phism C^— close to /(, and if we denote by Ag the continuation of the the hyperbolic 
periodic set At of ft, then g'^(p(s)'S)+™"|Ag = G|Ag has the same properties of Ft|At. 
Therefore, a cu-blender horseshoe set is robust. 

Remark 2.12. Using iterated functions is possible to verify that every uu-disk in 
between of W^{p{g),g) and W''{qt{g),g) intersects W('^^{Ag, g). See Bonatti and 
Diaz [6J. In particular, the blender horseshoe Ag is in fact a cM-blender, where the 
uM-disks in between of W'''{p{g), g) and W {qt{g), g) define its superposition region. 

To see more properties about a blender horseshoe set we refer the reader to [7]. 

□ 

We prove now Theorem lEl 
Proof of Theorem \^ 

Let / be a non Anosov volume preserving diffeomorphism. By Theorem 1.1 in 
[2], there exists a diffeomorphism /i e Diff^(M) C^— close to / having a non- 
hyperbolic periodic point p. After a bifurcation of p we can assume that /i has two 
hyperbolic periodic points of different indices, say pi and p2, with indpi = i and 
indp2 = i + j, i, j > 0. 

By Proposition 12 . 1 1 we can find a volume preserving diffeomorphism /2 C^— close 
to /i such that /2 has a blender horseshoe A with index i + j — 1. We replace now 
Pi by one of the two reference saddles of A. 

As in the proof of Proposition 12.11 we can perturb /2 to /a to obtain a het- 
erodimensioiial cycle between pi and p2- Let z denote a point of non transversal 
intersection between W^{pi, /a) and W'^{p2, /s), which we can assume to be a quasi 
transversal intersection. Provided the partial hyperbolic structure in the superpo- 
sition region C of the blender, replacing z by a positive iterated, the connected disc 
in W"(j)2, /a) n C containing z is in fact a uu— disk which is in between of the two 
reference saddles of A, as defined in the proof of Proposition 12. II Note, this could 
be done such that W'^{pi, /a) fl W'^{p2, /a) has a transversal intersection. 

Therefore, by properties of blenders, Remark l2.121 and continuity of the unstable 
manifold of p2 , every volume preserving diffeomorphism g in a small neighborhood 
of /a has a lieterodimensional cycle between P2{g) and A{g). 

□ 

3. Robustness of homoclinic tangency 

In this section we prove Theorem [Fl For that, it will be necessary to introduce 
folded submanifolds, introduced by Bonatti and Diaz in [7J. 

Definition 3.1. Let / be a diffeomorphism on M having a blender-horseshoe set 
A of index u + 1 with reference cube C, reference saddles p and q, and iV C M be 
a submanifold of dimension u + 1. We say that N is folded with respect to A if the 
interior of N contains a sub-manifold S C C n of dimension u + 1, satisfying the 
following properties: 
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• There are < a' < a and a family {St)t)E[o,i] of disks tangent to the cone 
field C™, depending continuously on t, such that S ~ Ufg[o.i]'5t- Here, 
a comes from the definition of a blender horseshoe, in particular St is a 
WW— disk; 

• Sor\Wfg^{A) and Si nWfg^{A) are non empty transverse intersection points 
between N and Wfg^{A), where A G {p,q}- 

• for every t G (0, 1), the ww— disk St is in between of Wfg^{p) and Wfg^{q). 
To emphasize the reference saddle A of the blender we have considered, we say a 
submanifold N is folded with respect to (A, A). 

Theorem 3.2 (Theorem 2, pg 18, [7J). Let f be a (r > 1) diffeomorphism over 
M, and N C M he a folded submanifold with respect to a blender-horseshoe A of f . 
Then N and Wf^^{A) have a non empty — robust non transversal intersection. 

To prove Theorem |F] the following results will also be needed. 

First, Wen has proved in |36| a dichotomy between diffeomorphisms having a 
dominated splitting and diffeomorphisms exhibiting a homoclinic tangency in the 
space of diffeomorphisms. Using the pasting lemma, Liang, Liu and Sun [25] 
proved this dichotomy in the volume preserving scenario. 

Proposition 3.3. [Theorem 1.3 in [55]] Let / e Diff,\,(Af), and p be a hyperbolic 
periodic point of /. Then, we have the following dichotomy: 

1- Either the homoclinic class of p, H{p, /), has a dominated splitting TM = 
E Q) F, with dim E — ind{p), or 

2- there exists a diffeomorphism g C^— close to /, exhibiting a homoclinic 
tangency for p{g). 

The following result is a conservative version of Theorem 1 in yy. It may be 
proved using the same arguments as in Lemma [2.8) see [2] for details. 

Proposition 3.4. There is a residual subset TZ € DifF^(M) of diffeomorphisms / 
such that, for every f & TZ containing hyperbolic periodic points of indices i and j 
contains hyperbolic periodic points of index k for all i < fc < j. 

Proof of Theorem [F\ 

Let / be a volume preserving diffeomorphism which is not approximated by a 
partial hyperbolic diffeomorphism in Diff^„(Af). In particular, / is a non Anosov 
diffeomorphism, and then after a perturbation if necessary as in the proof of The- 
orem [E] we can assume / has hyperbolic periodic points of different indices. 

We set i and j the smallest and largest positive integers, respectively, such that 
every hyperbolic periodic point p of / has i < indp < j. we are in the volume 
preserving scenario, after a perturbation, we can suppose this is still true for dif- 
feomorphisms in a small neighborhood U of /. More precisely, li g £lA and p is a 
hyperbolic periodic point of g then i < indp < j. 

By Proposition 13.41 we can assume / such that there are hyperbolic periodic 
points of index fc, for every i < k < j . Hence, there are qi,...,qj hyperbolic 
periodic points of / of indices i,...,i, respectively. Also, by Proposition 12.11 we 
can find a diffeomorphism /i C^— close to /, which is not approximated by partial 
hyperbolic diffeomorphisms, such that there exist blender horseshoe subsets Afc 
with indKk = k, for every k = i, . . . , j ~ 1. By Remark 12.31 we can also assume 
there is a cs— blender horseshoe Aj with indAj — j. 
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By Proposition 12.91 and a result of Carballo, Moralles and Paci'fico |JJij, we can 
also suppose that H{qi{fi), fi) = . . . — H{qj{fi), /i) = Af , i.e, hyperbolic periodic 
points of every index are dense in the whole manifold M. We would like to note 
that although the result in [13^ is in dissipative setting, provided it is a consequence 
of the connecting lemma, it is still true in the volume preserving scenario. 

Lemma 3.5. There existsp G {qi{fi), ■ ■ ■ , Qjifi)} o,nd a dijfeomorphism /2 C^ — close 
to fi such that /2 exhibits a homoclinic tangency for p[f2) ■ 

Proof. Suppose, contrary to our claim, that every diffeomorphism in a small neigh- 
borhood of /i exhibits no homoclinic tangency for any hyperbolic periodic points 
qi{fi), . . . , qjifi)- Then, /i is in fact not approximated by diffeomorphisms exhibit- 
ing homoclinic tangency. 

Hence, by Proposition 13.31 we should have dominated splittings TM — Ek ® Fk 
for /i, with diniEk = fc, for every k = i, . . . ,i + j . Which implies we have a 
dominated splitting TM = E^®E^ ® . .. E^~^~'^ ® Ej , where dim i?'' = 1 for every 
l<k<j -i-1. 

Since for diffeomorphisms in 14 any hyperbolic periodic point p has indp < j, it 
follows by the same method as in Lemma 2.1 in fSTl, that there exists K > 0, m ^ N 
and < A < 1 such that every hyperbolic periodic point p of a diffeomorphism g ^lA 
with index j and sufficiently large period one has 



(3.1) n 



n Dg-^\E,{g-'^^^'^{p)) 



< KX", where k 



■t{p,9) 



m 



1=0 

To obtain this, Potrie [31] uses a result for uniformly contracting sequences intro- 
duced by Mane, Lemma IL5 in |27| . 

Now, by a known Mane's argument also introduced in [33, we can find a positive 
integer n such that 1 1 | || contracts for every x G M. This argument consists 
in use Mane's Ergodic Closing Lemma to obtain a hyperbolic periodic point of index 
j that doesn't satisfy equation 13. 1[ if ||Z3/""|ii'j || no contracts for every n > 0. All 
of these arguments, including the results for uniformly contracting sequences are 
done for volume preserving diffeomorphisms in [2]. 

Similarly, we can prove that HZJ/fjiJill contracts for a large enough positive 
integer n. Then /i is partial hyperbolic, which is a contradiction and then finishes 
the proof of lemma. □ 

Remark 3.6. We point out that the above arguments give in particular a proof of 
Proposition 11.21 

Hence, let /2 and p given by Leinma l3.5l After a perturbation, we can suppose p 
is one of the two reference saddles of the blender- horseshoe A = Ak{f2), if indp = k. 
By Proposition 13. 2i the proof is completed by showing that: 

Lemma 3.7. There is a diffeomorphism g arbitrarily C^ — close to f2 such that 
W"{jp{g)) is a folded submanifold with respect to the continuation h.{g) of the 
blender-horseshoe A for g. 

This lemma is a volume preserving version of Lemma 4.9 in [7]. 

Proof. Let B denote a point of homoclinic tangency for p{f2), which we can sup- 
pose to be in C, i.e., B is in the reference cube of the blender horseshoe A. As 
in the proof of Lemma [2.8[ after a perturbation, we can assume TbW^{p, f2) n 
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TbW"{p, f2) ~ E'^"{B) is the one dimensional center-unstable subspace. Hence, 
let V C TsWip, /2) be such that TsWip, /a) = V © S™. 

Provided we have a partial hyperbolic splitting in C, Df'"{B){Y) converges to 
if n goes to infinity. Hence, if J7 C /2) is a small enough disk 

containing B and n is a large enough positive integer, then S — f^^{U) is foliated 
by uu— disks. More precisely, S = Uigjo^ijiSf and St is a ww— disk. 

We could have assumed that i? is a point of quadractic homoclinic tangency. 
Hence, to finish we need to analyze two cases. 

In the first one, see figure [U we can unfold the homoclinic tangency to obtain 
ti and t2 such that St^ fl Wf^^{p, /2) and St2 n Wf^^{p, /2) are non empty, and St, 
ti < t < t2 is a, MM— disk in between of p and q. Therefore, S — Ufgj^j^ t^]'^* ^ 
folded manifold inside the unstable manifold as we wanted. 




Figure 1. Folded manifold: first case 



In the second case, replacing 5 by a positive iterated, should exist ti and t2 such 
that Sti n Wf^^{q,f2) and St2 n Wf^^{q,f2) are non empty intersections. Finally, 
unfolding the tangency as before, we also obtain a folded manifold. See figure [5] 

□ 

4. Non existence of symbolic extensions 
In this section we prove Propostion |D1 and at the end we prove Theorem lAl 

Proof of Proposition Wl ' 

We give the proof only for volume preserving diffeomorphisms. The general case 
is completely similar. 

Let / be a volume preserving diffeomorphism and 14 C Diff^„(M) be a neigh- 
borhood of / as in the assumptions. 

By Robinson |33) . Kupka-Smale's result is still true in the volume preserving 
setting. Hence, there exists an open and dense subset An dU oi diff'eomorphisms 
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Figure 2. Folded manifold: second case 



g such that every periodic point of g with period smaller than or equal to n is 
hyperbolic (or elliptic if M is a surface). Since the proposition for area preserving 
diffeomorphisms is contained in the Downarowicz-Newhouse's result [20], to avoid 
elliptic periodic points we suppose dim M > 3. 

We set TZi — r\An which is a residual subset in U. Let TZi^m.n be the open set 
of diffeomorphisms g in An where m is the smallest one such that Per^ig) ^ 0- 
Hence, 

An — ^'j = lTll,j,n- 

We say that an increasing sequence of finite partitions (a„) over M is essential 
for a diffeomorphism g if 

1. diam{ak) — >■ when k — > oo, and 

2. ii{dak) = for every /i £ -Mig)- Here, dak denotes the union of boundaries 
of all elements of the partition ak- 

By Proposition 4.1 in |20| . we can assume there exists an increase sequence of 
partitions (a„) over M and a residual subset 7^2 C U such that (a„) is an essential 
sequence for every diffeomorphism g G TZ2- From now on we fix this partition. 

Recall, a /—invariant periodic set A with basis Ai is subordinated to a finite 
partition a if for each positive integer n, there exists an element _B„ G a such 
that /"(Ai) C Bn- In particular, if A is subordinated to a and /i G A4{f\A) then 
hf^ia) = 0. 

Let A be the hyperbolic basic set which exhibits robust homoclinic tangency for 
/. For every g gU, we denote by H{A{g)) the set of hyperbolic periodic points of 
g homoclinically related with A(g), and we set 

Hn{Aig))^HiAig))nPern{g). 

If p is a hyperbolic periodic point of g, \^{p,g)\ < 1 < |A(p,(7)| denote the two 
eigenvalues of Dg'^'^P'^^ nearest one, i.e., if v is an eigenvalue of Dg'^^P'^^ then either 
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W\ < \^J'{P,9)\ or > \X{p,g)\. We define 

X{P,9) = / logmin{|A(p,g)|, 

for every hyperbolic periodic point p of g. 

Finally, for any positive integer n, we say that a diffeomorphism g & U satisfies 
property 5„ if for every p £ Hn{A{g)) 

1. There exists a hyperbolic basic set of zero dimension A{p,n) for g such that 
A(p, n) n dan — and A{p,n) is subordinate to an- 

3. There exists an ergodic measure fi G Ai{f\A{p,n)) such that 

n 

4. For every ergodic measure /i G Ai{f\A{p,n)), we have 

p{fi,Hp) < -, 
n 

where pLp is the dirac measure on the orbit of p. 

5. For every periodic point q 6 A(p,n), we have 

X{<li9) > x{Pi9) - -• 

For positive integers m <n, let T>m^n C TZi^m,n be the subset of difFeomorphisms 
satisfying property iS„. 

Claim: D„i^n is open and dense in TZi^m,n- 

This Claim is a conservative version of Lemma 3.3 in ^4J, which is an extension 
for symplectic difFeomorphisms of Lemma 5.1 in |20| . By Claim the proof is similar 
in spirit to Theorem 1.3 in [SOj. See also [T4j. However, just for sake of completeness 
we will give a sketch here. 

We remark first if (a„) is an essential sequence of partitions for /, then for any 
k fixed we set 

hkin) = h^{ak), 
which is an infimum of continuous functions over Ai{f). 

The following proposition relates the entropy structure of a diffeomorphism and 
non existence of symbolic extensions. It was also proved in [20]. 

Lemma 4.1. Let f G TZ2- If there exists a compact subset £ C A^(/) and p > 
such that 

limsup — hkii') > p, for every p E £ and fc > 0, 

then f has no symbolic extension. 

We set TZ — n„>o U"j^q D^.n H TZ2, which is a residual subset in lA by Claim. 
Now, let / G 7?. and define xif) = sup{x(p, f),P e H{A{f))}. We denote by £ 
the closure of 

£, = {pp; p G i?(A(/)) and x{p, f) > x(/)/2}. 

Since f € TZ, for any periodic point p such that pp E £i, it follows there exist er- 
godic measures i^n Pp such that hu„{f) > x(/)/2. Moreover, G M{f\A{p,n)), 
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by Sigmund [34], Vn is approximated by hyperbolic periodic measures also sup- 
ported in the hyperbolic set A{p,n), which by item 4 of property Sn should be in 
£i. Hence, € £ for every n. 

Therefore, defining p = xif) /2 > and £ as before, by Lemma 14.11 / has no 
symbolic extensions. 

Proof of Claim: 

As in the proof of Technical Proposition in , the procedure is to find New- 
house's snakes (see Remark 14.21 for a definition) after a perturbation of a diffeo- 
morphism exhibiting a homoclinic tangency, to obtain from them nice hyperbolic 
sets satisfying the conditions in property Sn- However, to find a diffeomorphism 
satisfying property Sn it's necessary to have an argument to obtain Newhouse's 
snakes related to any arbitrary hyperbolic periodic point. To do this we will use 
robustness of homoclinic tangency. 

We denote by A the hyperbolic set of / exhibiting robust homoclinic tangency. 

Let g G An be an arbitrary diffeomorphism. By definition of An, there exists a 
small neighborhood V oi g where the cardinality of periodic points of period smaller 
than or equal to n is constant. 

Let p e Hn{A{g)). Since A(g) has a robust homoclinic tangency and p is ho- 
moclinic related with A(g), after a perturbation we can assume that g exhibits a 
homoclinic tangency for the hyperbolic periodic point p. By regularization result 
of Avila [4] we can suppose that g is C°° and then using pasting lemma we can 
assume that g'^(P'9^ = Dg'^^P'^^ in some neighborhood of p (in local coordinate), 
say V. That is, g-'f-P'S^iV D g-^^P-s\V)) is linear. Hence, Wf^^{p,g) and Wl^^{p,g) 
coincide with stable and unstable directions restrict to V. 

For simplicity we suppose p is a hyperbolic fixed point of g. 

Let q be the point of homoclinic tangency between Wf^^lp, g) and W"{p, g), such 
that g G y and g^^{q) ^ V. Hence, there is a small neighborhood U C V of q such 
that g~^{U) nV — 0. We denote by D the connected component of W^{p, g) OU 
that contains q. For convenience we suppose dim{TqWf^^{p, g) fl TqW'^{p, g)) = 1, 
which can be done after a perturbation. 

We look to U in a local coordinate, being q the zero of this chart, and we consider 
the following splitting of space M.'^ = TgD ® TqD^ . Since D n C/ is an open disc 
inside W^{p,g), it follows that D is a, graph of a map r : TgD — > TgD-^, which is 
so regular as g. That is, D — {x,r{x)) is the graphic of a C°° map r. Moreover, 
such map r is such that Dr{q) is zero. Defining (j){x,y) — {x,y — r{x)), if U is 
small enough, this map is is a C°° volume preserving diffeomorphism from U to 
(l>{U), and is close to identity in a small enough neighborhood of q. Therefore, 
by pasting lemma we can find a C°° volume preserving diffeomorphism h on M, 
C^-close to identity such that h = (f> in some small neighborhood of g, and h = Id 
outside U. 

We define gi = h o g which is a perturbation of g. Note, gi is such that 
TgDnU C iy"(p,.gi). Since g-'^{U)nV = 0, it follows that gi = .g in y and so gi\V 
is still hnear, which imphes Wf^^{p, gi)r]U — Wf^^{p, g)C\U = E'^{p, g) n U. Hence, 
provided g was a non-transversal homoclinic point of p for g (i.e., TqD H E^ijp^ g) is 
non trivial), gi exhibits an interval of homoclinic tangency containing g. 

Let / be this interval of homoclinic tangency. By a coordinate change in U , 
we can suppose that Wil^{p,gi) nU = E^(p,gi) n C/ C x {0}", and / C 
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{(xi, 0, 0), —3a < xi < 3a}, for some a > small enough. We are now con- 
sidering the usual coordinates in W^. 

Let N be any large positive integer. By the same method as in the construction 
of h, for any 6 > small enough we can find a volume preserving diffeomorphism 
Q : M M, 6 — near Id, such that ^ Id in the complement of B{q, 2a) and 

/ TTXlN \ 

= {xi,...,Xs, yi + A cos , y2,-.,yu \ , for {x,y) e B(0,a) c U, 

for A = , where is a constant depending only on the local coordinate on 

TriV 

U. 

We define .g2 = O o 171 which is (5 — close to gi and moreover 172 = 51 in the 
complement of g^'^{U). Note, 32 exhibits N transversal homoclinic points for p 
inside U . More precisely, these points belong to g2{g~^{I)). 

Remark 4.2. This kind of perturbation is the so called Newhouse's snake. 

We remark that 52 depends on N, but by abuse of notation, we use the same 
letter g2 for every N. 

From now on we will look to V in local coordinate. Moreover, we assume — 
W X {0}" and = {0}" x R", where E^ and E^ are the stable and unstable 
directions of p with dimensions s and u, respectively. Observe (72 is linear in V 
since (72 is equal to gi in V. 

For any positive large integer t, we can define a small rectangle Dt = x D", 
where D'^ = Wf^^{p, (72) n U and is a smaU disk in {(0, . . . , 0, yi, . . . , ?/„), yi £ 
and \yi\ < A/4}, such that g\{Dt) is a disk A/ A — close to the connected 
component of W^{p,g2) n U containing the N transversal homoclinic points of 172 
in 92 (.9^ ^(^))- We fixe t as being the smallest possible one such that Dt is defined. 
It is clearly that t depends on N , and goes to infinity if N goes. 

Since N is large, it follows that A is so small which implies Dt is such that 
52 (-Dt) n Dt has N disjoint connected components. Moreover, taking iV larger if 
necessary, the maximal invariant set in Dt for ^2 

Kp.N)={^g'^{Dt) 

is a hyperbolic set. 
Let 

Kp.N)= U 52(A((p,7V))) 
o<j<t 

be the hyperbolic periodic set of 52 induced by A(p, N). 

Now, if n is an arbitrary large positive integer n, we can proceed in the same 
way as in the proof of technical proposition in [T3] to find a large positive integer 
N , such that A{p,N){g) satisfies all items of property 5'„ for every diffeomorphism 
g C^— close to g2. 

Finally, since the cardinality of Per„ is finite and constant for diffeomorphisms 
in V, we can repeat the same process finitely many times to obtain an open set 
C^-close to g of diffeomorphisms satisfying property S'„. 

□ 

We finish the paper with the proof of Theorem Rl 
Proof of Theorem 
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Since DiSl^{M) is a separable space, it follows there exists an enumerable dense 
subset {/i, ...,/„,...} of diffeomorphisms in Diff;'„(M). 

If fi is not partial hyperbolic, then by Theorem [K\ we can suppose fi exhibits 
a robust homoclinic tangency, after a perturbation. Then, by Proposition |D] there 
exist a neighborhood Ui of fi and a residual subset TZi C Ui such that every dif- 
feomorphism g ^ TZi has no symbolic extensions. Hence, TZi contains an enu- 
merable intersection of open and dense subset in U, say TZi = ni3*j. We define 
= Bl^ U {cl{Ui)Y, which is in fact an open and dense subset of Diff;'„(M). 

If fi is partial hyperbolic we define i3*j as being the set of partial hyperbolic 
diffeomorphisms and the ones that are not approximated by partial hyperbolic 
diffeomorphisms, which is also an open and dense subset of Diff^(M). 

Hence, we define 

i.neN 

which is a residual subset in Diff^j(M). Finally, note by construction that if / G 7?. 
is not partial hyperbolic, then / has no symbolic extensions. Which proves the 
theorem. 

□ 
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